The growth bound for strongly continuous semigroups on Fr\'echet spaces by Wegner, Sven-Ake
ar
X
iv
:1
40
8.
50
37
v1
  [
ma
th.
FA
]  
21
 A
ug
 20
14
THE GROWTH BOUND FOR STRONGLY CONTINUOUS
SEMIGROUPS ON FRE´CHET SPACES
SVEN-AKE WEGNER a
Abstract. We introduce the concepts of growth and spectral bound for strongly continuous semi-
groups acting on Fre´chet spaces and show that the Banach space inequality s(A) 6 ω0(T ) extends to
the new setting. Via a concrete example of an even uniformly continuous semigroup we illustrate that
for Fre´chet spaces effects with respect to these bounds may happen that cannot occur on a Banach
space.
1. Introduction
Not all results on strongly continuous semigroups carry over from the world of Banach spaces to those
of Fre´chet spaces. For example, there exist semigroups with super exponential growth or uniformly con-
tinuous semigroups whose exponential series representations are divergent. From another perspective,
exactly these phenomena illustrate that in the Fre´chet case interesting effects may happen to take place
where the picture is clear if the underlying space is Banach. We refer to Albanese, Bonet, Ricker [1]
and Frerick, Jorda´, Kalmes, Wengenroth [5] for very recent results of this nature.
In this article we first show that the concept of growth bound can be transferred to Fre´chet spaces in
two different ways, namely in a purely topological sense or with respect to a fixed fundamental system
of seminorms. Then we consider classical and recent approaches for non Banach spectral theories to
define the spectral bound. We show that for all these spectral theories and for both definitions of the
growth bound the classical inequality between spectral and growth bound extends to Fre´chet spaces.
Finally we consider an example of an even uniformly continuous semigroup and show that depending on
the notion of growth resp. spectral bound which we choose, their equality may fail. This effect cannot
occur on a Banach space.
For the theory of Fre´chet spaces we refer to Jarchow [6] and Ko¨the [9]. For the theory of semigroups we
refer to Engel, Nagel [4], Albanese, Bonet, Ricker [1], Yosida [11] and Ko¯mura [8, Section 1].
2. Growth Bound
For the whole article let X be a Fre´chet space, i.e., a complete metrizable locally convex space. We
denote by cs(X) the set of all continuous seminorms on X , by B the collection of all bounded subsets
of X and by L(X) the space of all linear and continuous maps from X into itself. We write Lb(X), if
L(X) is endowed with the topology of uniform convergence on the bounded subsets of X given by the
seminorms qB(S) = supx∈B q(Sx) for S ∈ L(X), B ∈ B and q ∈ cs(X). By [6, Prop. 11.2.7] a subset of
L(X) is equicontinuous if and only if it is bounded in Lb(X) and by [9, §39, 6(5)], Lb(X) is a complete
locally convex space.
Also for the whole article let (T (t))t>0 be a C0-semigroup on X . That is, T (t) ∈ L(X) for t > 0,
T (0) = idX , T (t+ s) = T (t)T (s) for t, s > 0 and limt→t0 T (t)x = T (t0)x for x ∈ X and t0 > 0. We say
that (T (t))t>0 is exponentially equicontinuous of order ω ∈ R, if
∀ q ∈ Γ ∃ p ∈ Γ, M > 1 ∀ t > 0, x ∈ X : q(T (t)x) 6Meωtp(x)
holds for some or, equivalently, for every fundamental system of seminorms Γ ⊆ cs(X). The C0-
semigroup is said to be exponentially equicontinuous, if the above condition holds for some ω and
equicontinuous, if the latter holds with ω = 0. Note that (T (t))t>0 is exponentially equicontinuous of
order ω if and only if {e−ωtT (t)}t>0 is equicontinuous or, equivalently, bounded in Lb(X).
Definition 1. Let (T (t))t>0 be an exponentially equicontinuous C0-semigroup. We denote by ω0(T )
the infimum over all ω ∈ R for which {e−ωtT (t)}t>0 is equicontinuous and call this number the growth
bound of (T (t))t>0.
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The main ingredient for the following Lemma 2 is the “recalibration trick” of Moore [10, Thm. 4].
According to Joseph [7, Dfn. 3.1] we call T ∈ L(X) universally bounded with respect to a fundamental
system Γ if there exists N > 0 such that q(Tx) 6 Nq(x) holds for all q ∈ Γ and x ∈ X .
Lemma 2. Let (T (t))t>0 be a C0-semigroup and ω ∈ R. The following are equivalent.
(i) The semigroup (T (t))t>0 is exponentially equicontinuous of order ω.
(ii) There exists a fundamental system Γ and a constant M > 1 such that
∀ q ∈ Γ, t > 0, x ∈ X : q(T (t)x) 6Meωtq(x)
holds.
(iii) There exists a fundamental system Γ such that every operator in the semigroup is universally
bounded with respect to Γ and there exists a constant M > 1 such that
‖T (t)‖Γ = sup
q∈Γ
sup
q(x)61
q(T (t)x) 6Meωt
holds for all t > 0.
Proof. “(i)⇒(ii)” Let Γ′ be some fundamental system and let ω be such that {e−ωtT (t)}t>0 is equicon-
tinuous. Define Γ = {q ; q′ ∈ Γ′} via q(x) = supt>0 q
′(e−ωtT (t)x) for x ∈ X . By [1, Rem. 2.2(i)], Γ is a
fundamental system for X satisfying the desired property with M = 1. The converse is trivial.
“(iii)⇒(ii)” Let Γ be as in (iii). For t > 0 there exists N such that q(T (t)x) 6 Nq(x) holds for all
q ∈ Γ and x ∈ X . We note that therefore, q(x) = 0 always implies q(T (t)x) = 0. Now we fix q ∈ Γ
and select M > 1 according to (iii). Let t > 0 and x ∈ X be given. If q(x) = 0 it follows q(T (t)x) = 0
by the first sentence of this paragraph. Otherwise, we can select λ > 0 such that q(λx) = 1. Then,
λq(T (t)x) = q(T (t)(λx)) 6 Meωt = Meωtq(λx) = λMeωtq(x) holds and whence q(T (t)x) 6 Meωtq(x)
is valid. Again, the converse is trivial. 
Let us mention that (T (t))t>0 can be exponentially equicontinuous but for some Γ the condition in
Lemma 2(ii) can fail for every ω. Consider X = C2, T (t)x = (x1+ tx2, x2) for x = (x1, x2), t > 0. Then
ω0(T ) = 0, cf. [4, Ex. I.5.7(i)]. Let ω > 0 and Γ = {p1, p2}, p1(x) = |x1|, p2(x) = maxi=1,2 |xi|. Let
M > 1, select t > 0 and x = (0, 1). Then, p1(T (t)x) = t > 0 and p1(x) = 0 hold. It follows ‖T (t)‖Γ =∞
for t > 0.
From Lemma 2 we get
ω0(T ) = inf{ω ∈ R ; ∃ Γ, M > 1 ∀ q ∈ Γ, t > 0, x ∈ X : q(T (t)x) 6Me
ωtq(x)}
where we may also restrict ourselves to M = 1 in view of the proof of Lemma 2. If one allowsM > 1, in
the Banach space analogue of the above formula [4, Dfn. I.5.6] it is not necessary to take the infimum
over all norms which induce the topology of the underlying space. For Fre´chet spaces and fundamental
systems this is not the case.
Definition 3. Let (T (t))t>0 be an exponentially equicontinuous C0-semigroup. We define
ω0,Γ(T ) = inf{ω ∈ R ; ∃M > 1 ∀ q ∈ Γ, t > 0, x ∈ X : q(T (t)x) 6Me
ωtq(x)}
for a fixed fundamental system Γ. By definition, ω0(T ) is the infimum over all the ω0,Γ(T ).
Using the fact that the proof of “(ii)⇔(iii)” in Lemma 2 worked without a recalibration, variants of
Banach space growth bound formulas [4, Section IV.2] for ω0,Γ(T ) can be established by following the
lines of their classical proofs.
Proposition 4. Let (T (t))t>0 be an exponentially equicontinuous C0-semigroup and Γ be a fundamental
system which satisfies the equivalent conditions in Lemma 2(ii) and Lemma 2(iii). Then,
ω0,Γ(T ) = inf
t>0
1
t log ‖T (t)‖Γ = limt→∞
1
t log ‖T (t)‖Γ =
1
t0
log( lim
n→∞
‖T (t0)
n‖
1/n
Γ )
holds for arbitrary t0 > 0.
Proof. We start with the first and the second equality and abbreviate ω0,Γ = ω0,Γ(T ). Define ξ : [0,∞)→
R, ξ(t) = log ‖T (t)‖Γ, which is bounded on compact intervals. Fix s, t > 0 and q ∈ Γ. Put
C = supq(y)61 q(T (t)y) < ∞. If q(x) 6= 0 we select λ > 0 such that q(λx) = 1 and compute
q(T (t)x) = λ−1q(T (t)(λx)) 6 λ−1Cq(λx) = Cq(x). If q(x) = 0, it follows q(T (t)x) = 0, cf. the
proof of Lemma 2. Therefore the estimate q(T (t)x) 6 Cq(x) is true for all x ∈ X . We thus get
that q(T (t)T (s)x) 6 supq(y)61 q(T (t)y) · q(T (s)x) holds for every x ∈ X and obtain finally the es-
timate supq(x)61 q(T (s)T (t)x) 6 supq(x)61 q(T (s)x) · supq(x)61 q(T (t)x). From the latter it follows
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that ξ is subadditive. From [4, Lem. IV.2.3] we obtain that ω′ = inft>0 textstyle
1
t log ‖T (t)‖Γ =
limt→∞
1
t log ‖T (t)‖Γ exists in R. We deduce that e
ω′t 6 ‖T (t)‖Γ is valid for all t > 0. Hence, ω
′ 6 ω0,Γ
must hold. Let ω > ω′. Then there exists t0 > 0 such that
1
t log ‖T (t)‖Γ 6 ω, hence ‖T (t)‖Γ 6 e
ωt,
holds for all t > t0. Since sup06t6t0 ‖T (t)‖Γ <∞, we find M > 1 such that ‖T (t)‖Γ 6 Me
ωt holds for
every t > 0 and thus ω0,Γ 6 ω must hold. Since ω > ω
′ was arbitrary, ω0,Γ 6 ω
′ follows. To finish the
proof, we compute ω0,Γ = limn→∞(
1
nt0
log ‖T (nt0)‖Γ) =
1
t0
limn→∞(log ‖T (t0)
n‖
1/n
Γ ). 
If X is a Banach space, ω0(T ) coincides with the classical growth bound; in contrast ω0,Γ(T ) must not
even be finite. On the other hand a “reasonable” choice for Γ, e.g., Γ = {‖·‖} for any norm ‖·‖ inducing
the topology of X , yields ω0(T ) = ω0,Γ(T ) whenever X is Banach. For Fre´chet spaces, the equality
ω0(T ) = ω0,Γ(T ) can fail even for “nice” fundamental systems Γ, cf. Example 9.
3. Spectral Bound
The space Lb(X) is an associative algebra with identity in which left resp. right multiplication with a
fixed element defines a continuous map. Using [2, Prop. 2.6] it follows that Lb(X) is a pseudo complete
locally convex algebra in the sense of Allan [2, Terminology 1.1 and Dfn. 2.5]. According to [2, Dfn. 2.1]
we say that B ∈ Lb(X) is bounded if there exists µ ∈ C\{0} such that {(µB)
n}n∈N0 ⊆ Lb(X) is
bounded and denote the set of bounded elements by Lb(X)0. We use the convention N = {1, 2, . . .} and
N0 = {0, 1, 2, . . .}.
Definition 5. Let D(A) ⊆ X be a linear subspace and A : D(A)→ X be linear. We put δA = {∞}, if
A ∈ Lb(X)0, and δA = ∅ otherwise. Then the resolvent set of A is defined by
ρ(A) =
{
λ ∈ C ; λ−A : D(A)→ X is bijective and R(λ,A) = (λ−A)−1 ∈ Lb(X)0
}
∪ δA.
The spectrum is defined via σ(A) = C \ ρ(A) and the spectral bound by s(A) = sup{Reλ ; λ ∈ σ(A)∩C}.
For A ∈ L(X) the above definition of resolvent and spectrum coincides with the those given by Allan in
[2, Dfn. 3.1 and Dfn. 3.2]. We need the following characterization of the complex part of the resolvent.
Lemma 6. Let A : D(A) → X be a linear operator and U ⊆ C. Assume that R(λ,A) exists for every
λ ∈ U. Then, U ⊆ ρ(A) holds if and only if for every λ ∈ U there exists a fundamental system Γ and a
constant Mλ > 0 such that p(R(λ,A)x) 6Mλ p(x) is valid for all p ∈ Γ and x ∈ X.
Proof. “⇒” Let Γ be some fundamental system. For λ ∈ U ⊆ ρ(A) we select µ ∈ C\{0} such that
{[µR(λ,A)]n}n∈N0 is equicontinuous. We define Γ
′ = {p′ ; p ∈ Γ} via p′(x) = supn∈N0 p([µR(λ,A)]
nx)
for x ∈ X . For every p ∈ Γ we find q ∈ Γ and M > 0 such that p([µR(λ,A)]nx) 6 Mq(x) holds
for all n and x and thus p′ 6 Mq is valid. On the other hand for every p ∈ Γ we have p 6 p′.
It follows that Γ′ is a fundamental system for X . We put Mλ = 1/µ and compute p
′(R(λ,A)x) =
supn∈N0 p([µR(λ,A)]
nR(λ,A)x) = µ−1 supn∈N0 p([µR(λ,A)]
n+1x) 6Mλ p
′(x) for arbitrary p′ and x.
“⇐” For λ ∈ U we select Γ and Mλ as in the condition and put µ = M
−1
λ . For p ∈ Γ and n ∈ N0 we
compute p([µR(λ,A)]nx) 6M−nλ p(R(λ,A)
nx) 6M−nλ M
n
λ p(x) = p(x), i.e., R(λ,A) ∈ Lb(X)0. 
Recently, Albanese, Bonet, Ricker [1, Section 3] defined resolvent and spectrum for non-continuous
operators on locally convex spaces in a different way; in their notation λ ∈ C is in the resolvent if and
only if R(λ,A) exists in L(X) and thus their spectrum is a subset of σ(A) ∩ C. In [1, Equation (3.7)],
they studied the condition of Lemma 6 as an additional property of points in the resolvent.
Arikan, Runov, Zahariuta [3] introduced the ultraspectrum for operators in A ∈ Lb(X). In their
notation, λ ∈ C is a strictly regular point of A if R(λ,A) exists in L(X) and is tamable [3, p. 29], i.e.,
there exists a fundamental system of seminorms Γ for X such that for all q ∈ Γ there exists C > 0 such
that q(R(λ,A)x) 6 Cq(x) holds for all x ∈ X . The point λ =∞ is strictly regular if A itself is tamable.
The ultraspectrum is the complement of the strictly regular points in C. See [3, Dfn. 10 and Thm. 14]
for details. By Lemma 6 it follows that the ultraspectrum is contained in σ(A); for λ =∞ an argument
similar to those in the proof of Lemma 6 can be used.
If A is the generator of the C0-semigroup (T (t))t>0, i.e.,
Ax = lim
tց0
T (t)x−x
t for x ∈ D(A) = {x ∈ X ; limtց0
T (t)x−x
t exists},
the spectral theory of Allan yields the following relation between the spectral bound of the generator
and the semigroup itself if A is a so-called power bounded operator. According to Allan, we put
r(B) = sup{|λ| ; λ ∈ σ(B)} for B ∈ L(X) and |∞| = +∞.
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Proposition 7. Let (T (t))t>0 be an exponentially equicontinuous C0-semigroup. Let (A,D(A)) be its
generator and assume that {An}n∈N0 ⊆ L(X) is equicontinuous. Then s(A) = log r(T (1)) holds.
Proof. By our assumption we have A ∈ Lb(X)0 and thus ∞ 6∈ σ(A). By Allan’s spectral mapping
theorem, see [2, Prop. 6.11] and [2, p. 414] for the definition of those class of functions for which
Allan’s functional calculus is designed, we have σ(eA) = eσ(A). By [11, Section IX.6] we have T (1)x =∑∞
n=0
1
n!A
nx = eAx for every x ∈ X . We compute es(A) = sup{eReλ ; λ ∈ σ(A)} = sup{|λ| ; λ ∈
σ(eA)} = r(T (1)) and obtain s(A) = log r(T (1)). 
If X is Banach, the above formula is one of the ingredients to prove that s(A) = ω0(T ) holds for every
uniformly continuous semigroup (T (t))t>0, cf. the comments at the end of Section 5.
4. Inequality
We have the following general inequality between spectral bound and growth bound, cf. [4, Prop. II.2.2].
Theorem 8. Let (T (t))t>0 be an exponentially equicontinuous C0-semigroup with generator (A,D(A)).
Then we have −∞ 6 s(A) 6 ω0(T ) < +∞.
Proof. By rescaling we may assume w.l.o.g. that ω0 = ω0(T ) = 0. Then, (e
−ωtT (t))t>0 ⊆ Lb(X) is
equicontinuous for every ω > 0. With [1, Lem. 4.4] it follows that R(λ,A) exists in L(X) for every
λ ∈ C+ = {λ ∈ C ; Reλ > 0}. We claim that for every λ ∈ C+ there exists µ ∈ C\{0} such that
{[µR(λ,A)]n}n∈N0 ⊆ L(X) is equicontinuous.
We fix ω > 0 such that (S(t))t>0, S(t) = e
−ωtT (t), t > 0, is equicontinuous. The generator of (S(t))t>0
is (B,D(B)) = (A− ω,D(A)). By [1, last paragraph of Rem. 3.5(iv)] we have
∀ λ′ ∈ C+ ∃Mλ′ > 0 ∀ p ∈ Γ, x ∈ X : p(R(λ
′, B)x) 6Mλ′p(x).
From [1, proof of Lem. 4.4] we get that R(λ,A) = R(λ− ω,B) holds for every λ ∈ C with Reλ > ω.
Let now λ ∈ C+ be given. Select 0 < ω < Reλ and put λ
′ = λ− ω ∈ C+. We select Mλ′ > 0 as above
and put µ = 1/Mλ′ . For given p ∈ Γ, n ∈ N0 and x ∈ X we have by iteration p(R(λ
′, B)nx) 6Mnλ′p(x)
and thus p([µR(λ,A)]nx) = p([M−1λ′ R(λ − ω,B)]
nx) = M−nλ′ p([R(λ
′, B)]nx) 6 p(x) which establishes
the claim. Consequently, we have C+ ⊆ ρ(A), i.e., every λ ∈ σ(A) ∩ C satisfies Reλ 6 0. Therefore,
s(A) 6 0 follows. 
The inequality in Theorem 8 remains valid if we replace our notion of spectrum by those of [1]. If A
belongs to L(X) and we replace σ(A) by the ultraspectrum [3] the estimate also applies.
5. Example
The following example was studied by Albanese, Bonet, Ricker in [1, Rem. 3.5(v)]. Below, we correct
some flaws and extend their investigation.
Example 9. LetX = CN be the space of all complex sequences endowed with the topology of coordinate
wise convergence given by Γ = {pn ; n ∈ N}, pn(x) = maxj=1,...,n |xj | for x = (x1, x2, . . . ). The operator
A : X → X , Ax = (0, x1, x2, . . . ), denotes the right shift on X . We have {A
n}n∈N0 ⊆ L(X) and the
latter is an equicontinuous set. The strongly continuous semigroup (T (t))t>0 generated by A : X → X
is thus given by the power series
T (t)x =
∞∑
k=0
1
k! (tA)
kx = (x1, x2 + tx1, x3 + tx2 +
t2
2!x1, x4 + tx3 +
t2
2!x2 +
t3
3!x1, · · · )
for x ∈ X and t > 0, see [11, p. 245] and [1, Rem. 3.5(v)]. We observe that for given ω > 0 and n ∈ N
there exists M > 1 such that pn(T (t)x) 6 Me
ωtpn(x) holds for all t > 0 and x ∈ X . Whence, ω0(T )
must be less or equal to zero. On the other hand we compute pn(T (t)x) = 1 + t + · · · + t
n−1/(n − 1)!
for x = (1, 1, . . . ) ∈ X . This shows that in the previous condition for 0 < ω < 1 the constant M > 1
cannot be independent of n ∈ N. Consequently, ω0,Γ(T ) = 1.
For λ = 0 the map λ−A is not surjective, for λ 6= 0 it can be checked that R(λ,A) exists in L(X) and
is given by the formula
R(λ,A)x = ( 1λx1,
1
λx2 +
1
λ2x1,
1
λx3 +
1
λ2 x2 +
1
λ3 x1, . . . )
4
for x ∈ X . We estimate
pn(R(λ,A)x) 6 max{
1
|λ| |x1|,
1
|λ| |x2|+
1
|λ|2 |x1|, . . . ,
1
|λ| |xn|+ · · ·+
1
|λ|n |x1|}
6 max{ 1|λ| ,
1
|λ| +
1
|λ|2 , . . . ,
1
|λ| + · · ·+
1
|λ|n } max{|x1|, . . . , |xn|}
6
n∑
j=1
( 1|λ| )
j pn(x) =
1−1/|λ|n
|λ|−1 pn(x) 6
1
|λ|−1 pn(x)
for |λ| > 1, x ∈ X and n ∈ N. Using Lemma 6 with U = {z ∈ C ; |z| > 1} and Mλ = (|λ| − 1)
−1 for
λ ∈ U it follows that all λ ∈ C with |λ| > 1 belong to ρ(A). For U′ = {z ∈ C ; 0 < |z| 6 1} the condition
∀ λ ∈ U′ ∃Mλ > 0 ∀ p ∈ Γ, x ∈ X : p(R(λ,A)x) 6Mλp(x)
is not satisfied. Let |λ| 6 1 with λ 6= 1. For x = (1, 1, . . . ) we get
pn(R(λ,A)x) = max{|
1
λ |, |
1
λ +
1
λ2 |, . . . , |
1
λ + · · ·+
1
λn |} = max16k6n
∣
∣1−1/λk
λ−1
∣
∣ >
∣
∣1−1/λn
λ−1
∣
∣ n→∞−→ ∞.
For λ = 1 and x as above we get pn(R(λ,A)x) = n. Therefore, for no λ ∈ C with 0 < |λ| 6 1 there
can exist Mλ such that pn(R(λ,A)x) 6 Mλ pn(x) holds for every x ∈ X and n ∈ N. Nevertheless,
U′ ⊆ ρ(A) holds. In particular, the aforementioned inequality becomes true if we switch to another
system of seminorms, see Lemma 6. We fix x ∈ X and λ ∈ U′. By induction we show that
[n] ∀ k ∈ N : (R(λ,A)nx)k =
k∑
j=1
λ−(n+j−1)
(
n−2+j
j−1
)
xk−j+1
holds for every n ∈ N. We observe that we established the statement for n = 1 already above. Moreover,
we have the recursion formula (R(λ,A)x)k = λ
−1xk + λ
−1(R(λ,A)x)k−1 for arbitrary k if we put
(R(λ,A)x)0 = 0. Now we show [n]⇒ [n+1]. In order to establish [n+1] we proceed by induction over
k. Using the recursion formula and then [n] we get (R(λ,A)n+1x)1 = λ
−1(R(λ,A)nx)1 = λ
−(n+1)x1
which coincides with the right hand side of the equation in [n + 1] for k = 1. For k > 2 we use
the recursion formula to get (R(λ,A)n+1x)k = λ
−1(R(λ,A)nx)k + λ
−1(R(λ,A)n+1x)k−1. For the first
summand we use the induction hypothesis of the induction over n and for the second those of the
induction over k. Then we obtain
(R(λ,A)n+1x)k = λ
−1
k∑
j=1
λ−(n+j−1)
(
n−2+j
j−1
)
xk−j+1 + λ
−1
k−1∑
j=1
λ−(n+j+1)
(
n−1+j
j−1
)
xk+j
= λ−(n+1) xk +
k∑
j=2
λ−(n+j)
[(
n−2+j
j−1
)
+
(
n−2+j
j−2
)]
xk−j+1
=
k∑
j=1
λ−(n+j)
(
n−1+j
j−1
)
xk−j+1
which is the right hand side of the equation in [n+ 1] for k. This finishes both inductions. We claim
∀ λ ∈ U′ ∃ µ ∈ C\{0} ∀m ∈ N ∃K > 0 ∀ n ∈ N0, x ∈ X : pm([µR(λ,A)]
nx) 6 Kpm(x)
which implies that R(λ,A) ∈ Lb(X)0 holds for every λ ∈ U
′. For given λ ∈ U′ select µ such that
|µ|/|λ| 6 1/2 holds. Let m be given. Put K = |λ|−(m−1)em supn∈N 2
−n(n+ 1)m. Let n and x be given.
Since K > 1 we are done if n = 0. Otherwise we estimate
pm([µR(λ,A)]
nx) 6 |µ|n max
16k6m
k∑
j=1
|λ|−(n+j−1)
(
n−2+j
j−1
)
|xk−j+1|
6
( |µ|
|λ|
)n
max
16k6m
k∑
j=1
|λ|−(j−1)
(
n−2+j
j−1
)
pk(x)
6 2−n |λ|−(m−1)
(
max
16k6m
k∑
j=1
(
n−2+j
j−1
))
pm(x) 6 K pm(x)
where the last inequality holds since
k∑
j=1
(
n−2+j
j−1
)
6
k∑
j=0
(
n−1+j
j
)
=
(
n+k
k
)
6
( (n+k)e
k
)k
6 ek(nk + 1)
k 6 em(n+ 1)m
is true whenever 1 6 k 6 m. Finally, we get σ(A) = {0} and thus s(A) = 0.
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If X is a Banach space then s(A) = ω0(T ) holds whenever (T (t))t>0 is uniformly continuous. The
proof for this equality employs Hadamard’s formula for the spectral radius r(·) and the Banach space
versions of Proposition 4 and Proposition 7. Indeed, Allan [2, Thm. 3.12 and Prop. 2.18] proved a
Hadamard type formula for the spectral radius within his theory. But neither the formula r(T (t0)) =
limn→∞ ‖T (t0)
n‖
1/n
Γ nor the equality ω0,Γ(T ) =
1
t0
log r(T (t0)) extend in general to the Fre´chet case—
not even for “nice” fundamental systems Γ. Already for t0 = 1 the above and the Propositions 4 and
7 would imply that s(A) = ω0,Γ(T ) holds in Example 9. On the other hand, it seems to be open if
s(A) = ω0(T ) holds in general or can fail for uniformly continuous semigroups on Fre´chet spaces when
s(A) is defined as in Section 3, i.e., with respect to the spectral theory of [2], or with respect to the
ultraspectrum [3].
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